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3D numerical simulation of regular structure
formation in a locally heated falling film
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Abstract

A thin-film flow on a locally heated vertical plate is studied numerically by solving a full 3D nonlinear time-depe
problem. The method of particles for incompressible fluid has been adapted to take into account viscous and surfac
forces. The effect of periodic rivulet-like structure formation, observed experimentally at moderate heating, has been s
and investigated. The interesting flow picture including the spots of a strong reverse and spanwise thermocapillary sur
is revealed. Some qualitative and quantitative comparisons with the experimental results are presented.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The instability of a film flow on a heated incline is being intensively studied both due to a rich physical content
phenomenon and a great number of technological applications of the film flows. Mainly, the layers uniformly heate
below have been considered. A review of some theoretical results, concerning both linear and nonlinear effects, can
in [1] and Introduction to [2]. In the latter paper, a mechanism for rivulets formation is proposed, based on a three-dim
surface-wave instability coupled with thermocapillary instability.

The problem on thermocapillary instabilities in horizontal layer with a presence of horizontal or oblique temperature
has also received considerable attention, particularly, in connection with hydrothermal waves predicted by linear ana
The works on nonuniformly heated falling films are much more rare. To our knowledge, few theoretical studies exist in lit
In [4], the influence of streamwise temperature gradient imposed at the plate is investigated. Both linear analysis and
solution of the Benny-type equation, derived for the case of nonuniform heating, has been made for 2D flow. The 3D s
instability is investigated in [5]. The paper [6] considers a sinusoidal temperature distribution at the plate. The there
evolution equation for the film thickness accounts for two thermocapillary instability mechanisms – one connected wi
transfer at the liquid–gas interface, and the other one with bottom temperature inhomogeneity. In particular, a spe
symmetric periodical temperature distribution was considered, and a comparison with film thickness profiles, experi
measured in [7], was made for 2D flow, before 3D bifurcation takes place (see below).

Among experimental studies, there is a large series of papers [7–12] on investigation of films falling down a locally
incline, when the heater is a stripe elongated in spanwise direction (only some of the papers are cited here). It was sho
a heating is low enough, only 2D flow with a bump at the front edge of a heater is observed. For the larger heat flux this
flow becomes unstable, and this instability leads to another steady or quasisteady 3D flow, which looks like a regular
with a periodically bent leading bump and longitudinal rolls or rivulets descending from it downstream, with a much
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liquid film between them (Fig. 13). This structure sharpens with the heat flux increase, the distance between rivulets grows, and
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Numerical simulations of the phenomenon have been made in [6,11,13,14] using one or another thin-layer appro

but in two dimensions only, so they could not reveal the 3D bifurcation in principle. Recently, the other attempt to simu
phenomenon numerically has been made in [15]. There was also used some thin-layer approximation but in three d
already. Calculations demonstrated leading bump and edge rolls formation but a periodic structure was not obtained.

In present work, we investigate this regular structure formation via direct 3D numerical simulation. Among rece
dimensional direct numerical simulations of film flows, using Navier–Stokes equations, are the works [16–18]. In [1
energy equation and temperature-dependent surface tension were included, in order to describe thermocapillary
leading to a film rupture. Later, these authors made 3D simulation [19] of thermocapillary instability leading to r
formation.

The paper is organized as follows. In Section 2, basic equations, boundary conditions and variational formulatio
problem are described. Section 3 presents the numerical method of particles for incompressible viscous flows with
and surface tension depending on temperature. In Section 4, we give some details of numerical realization of the
In Section 5, the two test problems are considered. Section 6 contains the main results of 3D simulations. We su
in Section 7.

2. Problem statement

A liquid film over an inclined rigid plate is considered (Fig. 1). The flow of viscous incompressible fluid is driven by g
and is also strongly affected by thermocapillary forces due to a local heating at the bottom. The reference frame is
with X axis along the mainstream, andZ axis normal to the plate with the originZ = 0 at the plate surface. The typical initi
film thicknessH is 0.1 mm, computational domain width and length are 5–15 mm and 18 mm, respectively. For such
film flow the buoyancy effects are negligibly small in comparison with thermocapillary ones and, hence, the fluid densρ is
assumed to be constant. This follows from the estimate for the Marangoni, Prandtl and Grashof numbers ratioMa/(Pr · Gr),
the value of which is in our case greater than 103 (see the end of the section for these numbers definition). Taking into ac
the results of numerical calculations [11], the viscosityµ is assumed to depend on temperature, while the variation of
conductivityk is neglected. Thus, the flow is governed by equations

Fig. 1. Reference frame, sketch of the flow and boundary conditions at the bottom and free surface.
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ρ
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div u = 0, (2)
DT

Dt
= κ∇2T, (3)

P = −pI + 2µ(T )S, (4)

Fc = Kσ(T )n + ∇Γ σ(T ), (5)

σ(T ) = σ0 − σ1T, (6)

K = divΓ n = div n, (7)

∇Γ = ∇ − n(n · ∇), (8)

g = g(sinθ,0,−cosθ). (9)

Here D/Dt = ∂/∂t +u ·∇ is the material derivative,S is the strain rate tensor,T is the difference between fluid temperature a
ambient air temperature,κ is the thermal diffusivity,Fc is the surface stress related to the boundary condition at the deform
free surfaceΓ (see Fig. 1),K is the doubled mean curvature ofΓ,n is the outward unit normal toΓ, ∇Γ is the surface gradien
andg is the gravity acceleration. The boundary conditions at the bottom and free surface are given in Fig. 1, whereb is the
heat transfer coefficient at the free surface. We also consider a flow to be periodic in Y direction. The inlet and outlet b
conditions will be specified below.

To obtain the numerical method we need a variational formulation of the problem. For the sake of simplicity, we
for a while, that regionΩ occupied by fluid is infinite inXY plane. LetΦ be a smooth, compact and divergence free func
vanishing at the bottomΓb . Let’s denoteA = suppΦ ∩Ω,γ = ∂A∩ Γ, (a,b) = ∫

Ω a · b, then due to the well known integra
theorems, boundary conditions and the symmetry of tensorsP andS

(divP,Φ) =
∫
A

div(PΦ) −
∫
A

P : ∇Φ =
∫
∂A

n · PΦ −
∫
A

P : ∇Φ

=
∫
∂A

Φ · Pn −
∫
A

P : ∇Φ =
∫
γ

Φ · Fc − 2
∫
A

µ(T )S : ∇Φ

=
∫
γ

Φ · Fc −
∫
A

µ(T )S : (∇Φ + ∇ΦT)
, (10)

where “:” denotes the scalar product of tensors. Further,

(ρg,Φ) = (
ρg(e1 sinθ − grad(z −H)cosθ),Φ

)
= ρg(e1,Φ)sinθ − ρg cosθ

∫
A

div
(
(z −H)Φ

)

= ρg(e1,Φ)sinθ − ρg cosθ
∫
γ

(z −H)n · Φ. (11)

Thus, multiplying Eq. (1) byΦ and integrating overΩ gives(
Du
Dt

,Φ

)
=

∫
Γ

(
1

ρ
Fc − g(z−H)n cosθ

)
· Φ + (e1,Φ)g sinθ −

∫
Ω

ν(T )S : (∇Φ + ∇ΦT)
. (12)

Quite similar from Eq. (3) one can obtain(
DT

Dt
,Ψ

)
= −κ(∇T,∇Ψ )− κb

k

∫
Γ

T Ψ (13)

for any smooth enough compact functionΨ , vanishing in that region of a bottom, where the temperature is posed.
In order to get dimensionless equations, we use a length scaleH and viscous time scaleH2/ν0, whereν0 is the kinematic

viscosity of the liquid at the initial (ambient air) temperature. And also, a temperature scaleTm, which stands for the differenc
between maximum temperature at the heater and initial fluid temperature. Keeping the same notations for all the dime
variables, one can obtain the following dimensionless form of Eqs. (12), (13)
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(
Du
Dt

,Φ

)
=

∫ (
Fc −G(z − 1)n cosθ

) · Φ + (e1,Φ)Gsinθ −
∫

N(T )S : (∇Φ + ∇ΦT)
, (14)
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Γ Ω(
DT

Dt
,Ψ

)
= − 1

Pr
(∇T,∇Ψ )− Bi

Pr

∫
Γ

TΨ, (15)

whereN(T ) = ν(T Tm)/ν0,Fc = (We − Ma
Pr T )Kn − Ma

Pr ∇Γ T , and the dimensionless parameters are

Galileo number G = gH3

ν2
0

,

Weber number We = σ0H

ρν2
0

,

Marangoni number Ma = σ1HTm

ρν0κ
,

Prandtl number Pr = ν0

κ
,

Biot number Bi = bH

k
.

The Grashof number mentioned above isGr = GβTm, whereβ is a thermal-expansion coefficient of the liquid. Below, t
dimensionless variables are used, unless the units of a quantity are explicitly specified.

3. Method of particles

Method of particles for incompressible fluid has been originally suggested for inviscid flows [20] and derived direct
Gauss’s “the least constraint” variational principle, rather than from Euler equations for ideal fluid. Detailed descriptio
method and examples of it’s application to different flows with a free surface can be found in [21–25]. It’s extension to
flows is also briefly outlined in [21]. Here we show how the method can be constructed for our case of viscous flow with
tension as an approximation to Eqs. (14), (15).

At the instantt = 0 we fill up an initial fluid domainΩ0 with a large number of material particles, each having massmk ,
positionrk, velocity uk and temperatureTk, so that these discrete functions approximate initial fields of velocity, temper
and unit density. We will also use Galerkin method for Eqs. (14), (15), and at every time-leveln + 1/2 will find continuous
velocity and temperature fields

ũn+1/2 =
∑
α

λ
n+1/2
α Φα +

∑
γ

λ̄γ Φγ , (16)

T n+1/2 =
∑
α

η
n+1/2
α Ψα +

∑
δ

η̄δΨ̄δ, (17)

where basis functionsΦα, Ψα possess the same properties asΦ, Ψ , mentioned above. Second terms in (16), (17) accoun
the inlet velocity and bottom temperature boundary conditions, whereλ̄γ , η̄δ are fixed, and functions̄Ψδ do not vanish at the
bottom (see below).

The main advantage of variational formulation here is that basis functionsΦα andΨα have not to satisfy any bounda
conditions at the unknown free surfaceΓ . All these conditions for a fluid velocity and temperature are already natu
included into Eqs. (14), (15). Using the terminology of finite element methods [27], they are natural boundary co
(as well as heat-insulation condition at the bottom), in contrast to the principle ones, likeu = 0 andT = T (x) at the bottom.

Since the fluid is incompressible, one can consider the volume integrals (scalar products) in (14), (15) as being tak
in physical space over fluid regionΩ , which varies in time, or in Lagrange variablesr(0,q) = q over fixed regionΩ0. For any
functionF(t, r) we introduce a “particle” approximation of volume integrals in (14), (15) as follows

[F ]n+1/2 =
∑
k

mkF
(
tn+1/2, rn+1/2

k

) ≈
∫
Ω0

F
(
tn+1/2, r

(
tn+1/2,q

))
dq. (18)

We also approximate free surfaceΓ : z = f (t, x, y) at each time-leveln + 1/2 by smoothing splineΓs , which is constructed
on known positions of surface particles. Any surface integral

∫
Γs

F then can be approximated using one or another quadra
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formula, and we denote this approximation by{F }n+1/2 (in all the computations described below the cubic spline and rectangle
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rn+1/2
k

= rnk + τ

2
un−1/2
k

, (19)

∑
k

mk

T n+1
k

− T n
k

τ
Ψα

(
rn+1/2
k

) = − 1

Pr
[∇T · ∇Ψα ]n+1/2 − Bi

Pr
{TΨα}n+1/2, (20)

∑
k

mk

un+1/2
k − un−1/2

k

τ
· Φα

(
rn+1/2
k

)
= {(

Fc −G(z− 1)n cosθ
) · Φα

}n+1/2 + [e1 · Φα]n+1/2Gsinθ − 2
[
N(T )S : Sα

]n+1/2
, (21)

un+1/2
k = ũn+1/2(rn+1/2

k

)
, (22)

T n+1
k

= 2T n+1/2(rn+1/2
k

) − T n
k , (23)

rn+1
k

= rnk + τun+1/2
k

, (24)

whereSα = 1
2(∇Φα + ∇ΦT

α).
Substituting (22), (23) into (20), (21), with the use of (16), (17), one obtains two linear algebraic systems for the u

coefficients in decompositions (16), (17)

An+1/2λn+1/2 = F
n+1/2
1 , (25)

Bn+1/2ηn+1/2 = F
n+1/2
2 . (26)

Hereλn+1/2, ηn+1/2 denote the vectors composed by all theλ
n+1/2
α andη

n+1/2
α , respectively. MatricesA andB have the

components

A
n+1/2
αβ = [Φα · Φβ ]n+1/2 + 2τ

[
N(T )Sα : Sβ

]n+1/2
, (27)

B
n+1/2
αβ = [ΨαΨβ ]n+1/2 + τ

2Pr
[∇Ψα · ∇Ψβ ]n+1/2 + τBi

2Pr
{ΨαΨβ }n+1/2. (28)

Thus, the numerical algorithm at each time step looks as follows. First, intermediate particle positions are foun
predictor (19). Then, matrices and right-hand sides in (25), (26) are calculated, and these systems are solve
λn+1/2, ηn+1/2. Finally, new continuous fields̃un+1/2, T n+1/2 and new particle positions, velocities and temperatures
calculated from (16), (17), (22)–(24).

The method has a simple physical interpretation. Let’s consider first an inviscid flow without gravity and surface
Among all of the divergence free velocity fields (16) we find from (21) that one, which gives fluid particles accele
orthogonal to all the solenoidal basis functions. It can be easily shown [21] that this results in finding the divergence f
(16) which is the closest to the free motion velocity field in some discreteL2 norm. On the one hand, this is exactly wh
the Gauss’s principle of “the least constraint” states [28]. On the other hand, this method can be interpreted as a fre
of particles with subsequent projection (correction) of the velocity field onto some finite-dimensional subspace of so
functions. The similar procedure is well known in fractional step finite-difference schemes for the Navier–Stokes equati

It has been shown [21] that the scheme (19)–(24) without gravity, surface tension and viscosity conserves mom
dissipative and unconditionally stable. For the initial-boundary value problem for the Navier–Stokes equations in c
region, the convergence for the solutions of (19)–(24) has been proved recently [26]. The second-order accu
discretization, which conserves the energy exactly has also been constructed [21]. But it showed practically no a
for the problem under consideration due to the reasons discussed below. It is still important that Eq. (24) for the particl
in given divergence free velocity field is of second-order accuracy, because it is responsible for the residual in incompr
constraint|∂r/∂q| = 1. The point is, that we calculate fluid acceleration in Lagrange variables, but the forces in Euler va
and (24) accounts for the transformation from former to latter ones.

Thus, the method is a kind of combination of Galerkin’s method with convective transport of quantities by particle
use of particles gives a simple and convenient way of free surface tracking. A conservative combination of particle a
and Galerkin’s approach allowed, on the one hand, to obtain accurate numerical solutions with very few basis function
smooth flows like regular surface waves, and, on the other hand, to simulate by the same method a complicated phen
a rigid ball suspension by a thin liquid jet, where a free surface has a quite irregular shape [21]. Galerkin’s approach,
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Fig. 2. Supports of compact basis functions.

shown above, permits also to take quite naturally into account viscous and surface tension forces, which act on a flo
the corresponding additional terms in matrix and right-hand side in (25).

The general scheme of the method described above leaves a certain freedom in choosing basis functionsΦα, Ψα . For the
problem under consideration they have been chosen in the following way. We need functionsΦα to be solenoidal and vanishin
at the bottom, so it is quite convenient to use a vector potential. It can be shown (see Appendix A) that for the pro
half-spacez � 0 a vector potentialΘ can always be found as

Θ = (A,B,0), A = Az = B = Bz = 0 atz = 0. (29)

Thus, only two it’s components, satisfying certain boundary conditions, are needed in order to present any solenoid
field u, u = 0 atz = 0, in the form

u = rotΘ. (30)

Therefore, we should construct functionsΘα of the type (29), and then (30) provides us with basis functionsΦα . In order
to minimize calculations of matrices and right-hand sides in (25)–(26), the basis functions should be compact with
support. More exactly, the fewer is the number of functions not equal to zero at a given point (particle), the less compu
is needed to calculate matricesA andB, and the more sparce the latter are. The most appropriate smooth compact fu
seem to be B-splines. As far as the thickness of the film flow is much smaller then typical streamwise and spanwise s
worth choosing hereΘα to be B-splines inX, Y directions and polynomials inZ direction. It is also convenient to constru
two-dimensional B-splines on a rectangular grid, because they become then just the product of one-dimensional B-sp

Let multiindexm= (i, j, l), where(i, j) is the node number of rectangular grid,l is the number of polynomial. We choos

Am = L1
i (x)L

2
j (y)

zl+1

(l + 1)! , Bm = L2
i (x)L

1
j (y)

zl+1

(l + 1)! ,

whereL1
i
(x), L2

i
(x) are one-dimensional B-splines at the nodei of the first and second order respectively (Fig. 2). Then,

everym there are two independent solenoidal basis functions

Φm,1 = (
0,Am

z ,−Am
y

)
, Φm,2 = (−Bm

z ,0,Bm
x

)
,

i.e., in the formulae (16), (21), (27) subscriptsα,β mean multiindex(m, s), s = 1,2. Basis functionsΨα, Ψ̄α have been taken
as the products of the first-order B-splines with respect toX andY , and polynomials with respect toZ.

4. Numerical details, strain rate tensor simplification and boundary conditions

Here we describe some peculiarities of method realization, which allow to decrease computing time. It was mentione
that the time for matrixA computation depends on compactness of basis functions supports. This time is crucial becau
case it is up to 80–90% of the total computing time at each time step. There has been used a procedure, which allows
this time twice for the case of chosen above basis functions and in about four times for the 3D B-splines. The procedur
on the property of B-spline ofn-th order, that is, it’s derivative is a linear combination of B-splines of the ordern− 1.

Let us introduce functions (Fig. 2)

ũm = Bm
z , ṽm = Am

z , w̃m =L1
i (x)L

1
j (y)

zl+1

(l + 1)! ,
um,1 = (ũm,0,0), um,2 = (0, ṽm,0), um,3 = (0,0, w̃m),
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Φm,1 = um,2 − (um,3 − ui,j+1,l,3)/hy, Φm,2 = −um,1 + (um,3 − ui+1,j,l,3)/hx, (31)

wherehx andhy are mesh sizes inX andY directions.
Let Φ andU denote vectors composed by all theΦα anduα , respectively, then

Φ = DU,

where very sparce matrixD is determined by (31). It is easy to see now, that system (25) can be rewritten in the form

DÃn+1/2DTλn+1/2 = DF̃n+1/2, (32)

where matrixÃ has the components

Ã
n+1/2
αβ = [uα · uβ ]n+1/2 + 2τ

[
N(T )S̃α : S̃β

]n+1/2
. (33)

Since the scalar product of the functionsum,s, um,p vanishes whens �= p, the first term in (33) is much easier to calculate th
that one in (27). The same is true for the tensorsS̃α, S̃β scalar product if a common thin-layer approximation for the strain
tensor is used

S̃α = 1

2

(∇uα + ∇uT
α

) ≈ 1

2


 0 0 ∂u1

α/∂z

0 0 ∂u2
α/∂z

∂u1
α/∂z ∂u2

α/∂z 0


 , (34)

whereu1
α, u2

α are the X and Y components of vectoruα . The last simplification is not very principle and can be avoided,
the use of (34) provides a more sparce matrixÃ and substantially simplifies the logic of the code. Below we show tha
error induced by this approximation is small for the considered problem, and therefore it was used in all the 3D comp
throughout this paper. The system (32) also requires less operation count than (27) if the conjugate gradients meth
and, therefore, calculations are reduced to subsequent multiplication of matricesDT, Ã,D by some vector.

The second technique in accelerating computations is matrixÃ “freezing”. The specific feature of the problem is that it h
two different velocity scales. The first oneU0 = (Gsinθ)/2, which is the maximum inlet velocity, characterizes the mainstr
and velocities caused by thermocapillary effects, which are of the same order. And the second one is a phase sp
shortest surface capillary wavesC = (We · k tanhk)1/2, wherek = π/min{hx,hy }. In a flow under consideration,C is much
larger thanU , and the Courant stability condition based on a speedC requires very small time step, much smaller that
one which could be chosen from the accuracy reasons. A completely implicit scheme could help here, but the constru
numerical realization of it seem, so far, to be rather complicated due to the sophisticated dependence of surface ten
on particles coordinates. So far, the explicit scheme described above was used, but in some specific way. Since the mÃ in
(32) depends only on slow changing particle positions, unlike the right-hand sideF̃ , which depends on fast changing surfa
tension forces, matrix̃A can be calculated once and then fixed for several subsequent time steps. Temperature fieldT , also slow
varying, was updated together with matrixÃ. Procedure like this is known in implicit stiff ODE solvers, and it allowed to sp
up present computations greatly (about 5 times in average). Due to the small time steps, the second order time dis
mentioned above did not give any noticeable advantage.

The following inlet

u = Gsinθ

2

(
2z − z2), v = w = 0, T = 0, fx = fxx = 0

and outlet

ux = v = w = 0, Tx = 0, fx = fxx = 0

boundary conditions have been used. The inlet velocity field corresponds to Nusselt flow and it was realized by explicit a
coefficientsλ̄γ in (16), as well as assigninḡηδ in (17) sets the temperature distribution at the bottom. The outlet boun
conditions, as well as the conditions forf are held due to the choice of special boundary splines, satisfying these restr
exactly.

5. Test problems

First, a comparison with a well-known experiment by P. Kapitza and S. Kapitza [30] has been made. They inve
plane capillary waves in the films of water or alcohol, falling down the smooth surface under gravity. Their results ha
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often used for a comparison with numerical calculations (see [16,17]). Here we have chosen a regime with “solitary” waves of
the fixed
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figure

he
the highest amplitude in alcohol film (snapshot 18 in [30]). The results of wave amplitude and shape comparison for
wavelengthλ and mean flow rateQ are given in Fig. 3. For the sake of simplicity, a temporal growth of a small disturba
was simulated, similar to [16,17], rather than spatial development of the wave regime studied in experiment. The cal
were conducted in a domain with periodicity boundary conditions and the lengthλ, corresponding to the wavelength 2.2 c
reported in [30] for this particular regime. All the necessary properties of the liquid have been also taken from that pa
initial disturbance

f (0, x) = 1+ 0.05cos(2πx/λ)

was imposed on the free surface, which grew then in time and led to a practically stationary wave regime. Since t
flow rate is not constant in time due to the onset of wave motion, an initial film thicknessH was selected in order to get
the stationary regime the same mean flow rate valueQ = 0.204 cm2 · s−1, that was observed in experiment. The calcula
phase speed of the waves appeared to be 28.3 cm· s−1, which is somewhat larger than measured value 26.4 cm· s−1. Previous
calculations [16,17] also gave phase speed larger than experimental value.

As a second test, the problem on thermocapillary instability from [18,19] has been solved. The flow in a thin ho
fluid layer heated from below is considered. The temperature at the bottom is constantT = 1, viscosity is also assumed to b
constant. In equilibrium state, a free surface is flat and a temperature distribution across the layer is linear and dete
Biot number value. Att = 0 a disturbance of the form

f (0, x, y) = 1+ 0.1cos(kx) + 0.1cos(ky) (35)

is imposed on the free surface, and a temporal evolution of the flow is studied in a domain with dimensions2π
k × 2π

k and
periodicity boundary conditions. First, the 2D case has been considered (no disturbance with respect toy in (35)). The resulting
free surface curves att = 1200 for two different resolutions are shown in Fig. 4. The following notations are used in this

Fig. 3. First test problem. Comparison of calculated waves (white solid line) with experiment [30].

Fig. 4. Second test problem (2D case). Free surface att = 1200, G = 1, We = 300, Pr = 7.02, Ma = 70.2, Bi = 1, k = 0.0677 for two
different resolutions: curve 1:m = 30, p = 2, N = 1324; curve 2:m = 60, p = 2, N = 3910 (coincides with corresponding curve for t
129× 11 grid from [19]).
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with respect toZ variable,N is the number of particles in computational domain. The further increase of resolution
m = 120, p = 4, N = 10390 provides graphically indistinguishable change to the curve 2, which, in it’s turn, is graph
indistinguishable from the corresponding curve given in [19] (Fig. 3) for the finest 129× 11 grid used there. Both 2D te
problems have been calculated using the complete strain rate tensor. The use of it’s simplified form (34) for the first
(traveling waves) gives a distinct increase in waves amplitude, especially for the small ripples in front of the main wave
second problem, it leads to a small (about 1.5% in C norm) change to the free surface curve.

Fig. 5 demonstrates the results of calculations in 3D case. The free surface picture and the isolines of surface el
comparison with calculations [19] (Fig. 7(k), the final time level) are given. The agreement is very good in spite of the
approximation (34) in present calculations. It is shown in [19] that thin-layer approximation of Benny type is not valid an
at these time values. On the contrary, the described numerical model works well here even forp = 2.

6. Results

All the calculations described below have been made for the 25% ethyl-alcohol water solution. The liquid propert
been taken from [6,31]. The values of the constants at the initial fluid temperature 20◦C are: densityρ = 961.6 kg · m−3,
surface tensionσ0 = 35.53× 10−3 N · m−1, surface tension variation with temperatureσ1 = 0.1103× 10−3 N · m−1 · K−1,
heat conductivityk = 0.4786 W· m−1 · K−1, Prandtl numberPr = 21.8. The dynamic viscosity is the following function o
temperature

µ
(
T̃

) = (
6.22637− 0.35072̃T + 0.0131025̃T 2 − 3.50282× 10−4T̃ 3 + 6.07187× 10−6T̃ 4

− 5.84788× 10−8T̃ 5 + 2.33004× 10−10T̃ 6) × 10−3 kg · m−1 · s−1, (36)

whereT̃ is dimensional fluid temperature (centigrade scale).
The main difficulty in simulating experiments [7–12] is that temperature distribution on heater and substrate su

unknown. For the majority of the data only the mean heat flux determined by a power input to the heater is given. N
simulations [13,32] and direct temperature and heat flux measurements [12,33] show that neither constant tempe
constant heat flux is satisfactory approximation in case of Reynolds number of order 1, at which the most distinctive
structures are observed. Therefore, in recent numerical calculations different approaches have been applied. In [11
equation was solved in heater and fluid regions with the fixed Nusselt velocity distribution. The heat flux distribution foun
bottom was used then to calculate the surface elevation for 2D flow. In [6], also in 2D case, some model step-wise tem
distribution with smoothed front was used. The smoothing parameter was selected in order to fit the curves of surface
to the experimentally measured ones. In [15], a three-dimensional flow was considered using a thin-layer approxim
just constant heat flux condition was imposed. The most consistent approach would be, of course, to solve a fully
problem, i.e., to solve the heat equation in a heater-fluid region together with fluid dynamics equations in a flow regio
is more complicated and, moreover, is unlikely worth doing at present for the reasons discussed in Section 7. Therefo
paper we apply an approach similar to that used in [6].

For the comparison, the experimental results from [11] have been chosen. Only a flow on a vertical plate is consid
θ = π/2. The initial film thickness is fixedH = 100 µm. Thus, Galileo numberG = 1.511 and Weber numberWe = 569.7 are
also fixed. The Reynolds number used in [11] isRe = G/3 ≈ 0.5. The maximum dimensionless inlet velocityU0 = 0.755. The
temperature distribution along a heater has been chosen in the form (see Fig. 6)

T (x) = 1− (
1− (

(x − x0)/L+ δ
)
/(1+ δ)

)γ
, x0 − δL � x � x0 +L, (37)

wherex0 is the coordinate of a heater front edge,L is a heater length,δ andγ are parameters to be determined. Dimension
length of the heater in [11] wasL = 67 and it’s span was by an order of magnitude greater. The Biot number has been es
there to be of the order 10−2−10−3. Therefore, in numerical calculations, a heat transfer between fluid and ambient air
neglected. The influence of Biot number is studied later.

The values of parametersδ andγ have been selected by means of fitting the calculated curves of surface elevation
experimental ones measured at the small heat flux, when only 2D flow is realized. The parameterγ affects mainly the maximum
temperature gradient, and hence the amplitude and the steepness of the bump front, whileδ accounts for a shift of the bum
profile with respect to a heater. For every calculation, a Marangoni number value has been set, and a heat flux (local a
from the heater has been determined a posteriori, via direct calculation of temperature gradient at the bottom. The
comparison forδ = 0.1075,γ = 6 are plotted in Fig. 7. The distance along the heater is normalized by dimensionless ca
lengthlσ = √

σ0/(ρgH
2) = √

We/G = 19.4. The mean heat flux values in calculations and experiment are equal.
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e = 300, Pr = 7.02, Ma = 70.2, Bi = 1, k = 0.05,
Fig. 5. Second test problem (3D case). Free surface picture (left) and isolines of the free surface elevation (right) att = 1242, G = 1, W
m = n = 30, p = 2, N = 131084. Isolines: the borders between grey shades – present work, solid lines – [19].
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Fig. 6. Dimensionless temperature profile at the bottom,δ = 0.1075,γ = 6, x0 is the coordinate of a heater front edge andL is a heater length

Fig. 7. Comparison of the free surface elevation profiles atRe = 0.5 (Bi = 0) for different heat fluxq values. Dash lines – experiment [11
solid lines – present calculations: 1:q = 1.21 W · cm−2 (Ma = 529); 2: q = 0.63 W · cm−2 (Ma = 273); 3: q = 0.41 W · cm−2 (Ma = 177);
4: q = 0.3 W · cm−2 (Ma = 127). Ma and Bi values are the characteristics of calculations only. Dotted line 2 – calculation with con
viscosity. Dimensionless capillary lengthlσ = 19.4.

The agreement between the experimental and computed curves is satisfactory and, at least, not worse than that i
is interesting, that for curves calculated in [11], their decreasing downstream branches are also much below the exp
profiles atRe = 0.5 andRe = 2. The agreement between these branches of profiles in [6] for different Reynolds num
also much worse than that for the fronts of the curves. The reason for this discrepancy is not clear yet. Some accu
error due to numerical integration of the measured free surface slope is mentioned in [6] as one of the possible
The absence of the temperature-viscosity dependence is named, as the other reason, but this dependence has bee
consideration both in [11] and present calculations. It should be noted, that calculation with constant viscosity gives so
much better agreement between the curves (dotted line 2 in Fig. 7). Anyway, a temperature distribution along heater
discussed numerical simulations is just an approximation to a temperature distribution in real experiment, and accura
approximation is not evaluated yet. Unknown heat transfer at the substrate and free surface can also give some chan
surface shape. All this needs further investigation both experimentally and theoretically.

We also tried to check the temperature difference corresponding to the found values of Marangoni number. There i
experimental data published either in [11] or in [7], where the experiments with the same heater and liquid are describ
in [6] it has been mentioned, that the temperature difference in experiments at the onset of 2D bump instability was of or
In our calculations (see below) this magnitude was 12K. In earlier experiments [8] with the same liquid but different he
direct measurements of surface temperature by an infrared scanner has been made. The typical temperature differe
developed 3D structures, at the smallestRe = 2 considered in [8], was about 15K, which is also the case with our calculat
though forRe = 0.5 (see below).
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Table 1
Some dimensionless quantities calculated with resolution refinement atMa = 771 (see also caption
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to Fig. 8 for an explanation). HereHmax is the maximum film thickness,Umax and Umin are
maximum and minimum streamwise velocity values,U0 = 0.755 is the maximum inlet velocity
(dimensionless),q is the mean heat flux,q∗ = 1.719 W· cm−2

Variant Hmax Umax/U0 Umin/U0 q/q∗
I 1.490 1.291 −0.248 1.014
II 1.506 1.272 −0.345 1.000
III 1 .510 1.271 −0.344 1.000
IIs 1.510 1.273 −0.354 1.000

Small shift of temperature profile upstream, outside the heater region (see Fig. 6), seems to be quite justified
heat conduction in liquid and substrate. Direct temperature measurements for a film flow over a large heater [33] s
temperature atx0 can reach about a half of maximum heater temperature atRe = 2.4. Thus, all the discussed above give
ground to consider the temperature distribution (Fig. 6) realistic enough to proceed to the further study and compar
used this temperature profile in all the calculations described below.

The further increase in a heat flux leads to a bump height increase, and a reverse thermocapillary flow near the b
appears. Fig. 8 shows the streamlines near the free surface for the 2D steady state flow calculated with different r
These pictures evidently demonstrate convergence. Comparison of some characteristic quantities is given in Table 1
seen also, that the use of approximation (34) causes a very small change to the flow field.

The existence of a reverse flow near the crest of the bump has been foreseen in [10], and then it was simulated nu
in 2D case, using a thin-layer approximation [13]. Below we show that the magnitude of the reverse flow greatly in
in 3D case. In fact, the bump shown in Fig. 8 is highly unstable with respect to spanwise disturbances. Therefore,
observed in 3D calculations only for a short period of time, and then another 3D steady rivulet-like flow is realized. In
the snapshots of film surface show the process of this instability and 3D structure formation. Abrupt heating leads fir
surface deformations, which then break up and are fetched down the stream, and the only steady 2D bump remains. T
soon, the 3D structure appears due to an instability.

The characteristic width of a structureΛ, i.e., the distance between longitudinal rolls, must be evidently affecte
computational domain widthLy due to the periodicity boundary conditions. The calculations showed that this depende
as follows. WhenLy is within some limitsL1 andL2, whereL2 is approximately equal to 2L1 andL1 depends on Marangon
number, then only one period of structure is realized. Further enlargement ofLy leads already to two periods of structure
computational domain, and this transition is rather abrupt. For example, the structure in Fig. 9(Ly = 150) has exactly three
periods, not one or two, though no artificial disturbances have been introduced. Moreover, the amplitude of steady state
free surface deformation depends onLy . All this is apparent evidence of preferred mode existence, and namely this m
most likely to be observed in experiments [11] with a heater, the span of which is much greater than a structure width.

To study this preferred mode, a direct investigation of 2D bump stability has been made. Att = 0, a small initial disturbance
of the form

u = u(x, z)
(
1+ 0.05cos(2πy/Ly)

)
is imposed on a longitudinal velocity of previously calculated steady state 2D flow, and a temporal evolution of the amp
spanwise free surface deformation is then studied. For everyMa value, several calculations with differentLy are made. Then
three of them, including that with maximum growth rate of amplitude, are used to determine the wavelengthΛ∗ of the most
rapidly growing mode by means of parabolic interpolation. The critical value of Marangoni numberMac = 466 atBi = 0 has
been also found, below which all the disturbances decay. The curves forΛ∗ as function ofMa for Bi = 0 andBi = 0.1 are
plotted in Fig. 10. They display, first, thatΛ∗ grows withMa. Second, a large enough heat transfer at the free surface r
in Λ∗ decrease of just about 3–6%. Note, thatBi = 0.1 is, at least by one order, greater than that estimated in [11]. As f
the height of the bump also diminishes withBi increase (Fig. 11), it is worth plottingΛ∗ against bump height to see wheth
the influence ofBi value will diminish. Fig. 12 demonstrates this dependence, andΛ∗ variation withBi becomes about 3%
Therefore,Λ∗ seems to depend mainly on the bump height, for the fixedRe andWe values. It has been also mentioned in [1
that heat transfer at the interface does not affect much the structure width. The dependence ofΛ∗ on bump heightHmax− 1
appeared to be not very strong either, the variation is just about 10% for the sufficiently large range 0.3<Hmax− 1< 0.8.

Having the curves plotted in Fig. 10, allows to proceed to a comparison with experiment in three dimensions. The im
a film free surface from [11] obtained by optical Schlieren technique are depicted in Fig. 13. Corresponding (marked
same letter) computed surface pictures are shown in Fig. 14 on the same scale. Time-dependent calculations for eacMa value
have been performed in a region withLy = Λ∗ till the saturation of the structure. The images in Fig. 14 are obtained pictu
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first

Fig. 8. Streamlines of steady state 2D flow atMa = 771, Bi = 0 for different resolution: I –m = 25, p = 2, N ≈ 740; II –
m = 50, p = 3, N ≈ 2300; III – m = 100, p = 4, N ≈ 8900; IIs – the same resolution as II, but simplified strain rate tensor. The
level (the lowest contour) of dimensionless stream function corresponds toψ = 0.446, the incrementCψ = 0.0146. The bold line at the bottom
designates a heater,x0 = 57.6.
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Fig. 9. Snapshots of the film surface at various dimensionless time levels forMa = 600, q0 = 1.37 W · cm−2, Bi = 0.

gradf (x, y). More exactly, in image (b) of Fig. 14 the grey level dependence on surface gradient is close to calibratio
from [7]. Therefore, flat free surface has a middle grey level, while positive and negative slopes alongx are more dark and mor
light, respectively. This has been done in order to adjust the pictures scaling via a comparison of images (b) for experi
calculation. As far as calibration curve for the 3D images is unknown, the black level in other pictures of Fig. 14 is prop
to |gradf (x, y)|, starting with a light grey for a flat surface.

A comparison of Figs. 13 and 14 shows, first, a good agreement in threshold value of heat fluxq for the instability to occur.
This value appeared to be aboutq = 1.08 W · cm−2 in calculations, and it seems to be close toq = 1.12 W · cm−2 for the
experiment, so the difference is just about 4%. Further, the agreement in structure width is also quite good, taking into
a spanwise inhomogeneity present in experiment. An increase in width of structure and a shift of the structure upstr
more intensive heating, are also captured in calculations, at least qualitatively. The spanwise inhomogeneity in Figs. 13
one from making a more detailed comparison.
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Fig. 10. The wavelength of the most unstable spanwise mode versus Marangoni number. Solid line –Bi = 0, dotted line –Bi = 0.1.

Fig. 11. The 2D bump height versus Marangoni number. Solid line –Bi = 0, dotted line –Bi = 0.1.

The longitudinal rolls seem to be more narrow and shaped more angular in experiment as compared with those c
but it may be an optical illusion, as well. Any surface slope beyond some unknown limit (cut-off angle) should give
color in Schlieren images (Fig. 13), in contrast to smooth grey scale in Fig. 14. Therefore, further investigation is need

The main distinction between Figs. 13, 14 is the absence of small longitudinal rolls between the main ones in c
(e) and (f) images. It should be noted that free surface profile in some imaginary middle cross-section of the flow s
Fig. 13(f) would be quite similar to the curves plotted in Fig. 4, so one may assume that small rolls formation is ca
secondary thermocapillary instability. The determinative factor for such an instability is a heat transfer at the free
which was neglected in our calculations. Fig. 15 presents a Biot number influence on the flow picture. It seems to co
above assumption. At least, the additional rolls appear between the main ones in a lower part of pictures, and this leads
rolls suppression, similar to what can be seen in Fig. 13. Some qualitative resemblance of the fine structure in heater
that experimentally observed also can be seen. The main reason for the quantitative disagreement seems to be in ca
numerical computations.
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Fig. 12. The wavelength of the most unstable spanwise mode versus 2D bump height. Solid line –Bi = 0, dotted line –Bi = 0.1.

One can notice the small but sharp depressions of the film surface at the lower heater edge in (e2) and (e3) i
Fig. 15. The film rupture is occurred there. It should be noted that the method, in principle, allows to handle flows with
connectivity. But the problem of relevant boundary conditions on moving contact line is known to be rather complicat
it is a matter of future improvement of the method. Moreover, the rupture was not observed in experiment for these
values, though some deformations of the rolls at the lower heater edge can be seen in Fig. 13. Therefore, either
resolution should be further increased, orBi values shown in Fig. 15 are too large and should be diminished. But the
leads to considerable slowing down the thermocapillary instability manifestation. For example, the linear growth rat
most unstable disturbance, among spanwise thermocapillary modes in a vertical film flow, is proportional toBi2, whenBi � 1
[2]. Together with a necessity of taking fine enough spatial resolution, this leads, so far, to unacceptable computing
below). It’s interesting, that the use of temperature profile (37), extended with a constant unit temperature up to the e
domain, eliminates film rupture, as well as the intermediate rolls below the heater ((e4) in Fig. 15). The use of this profil
the abrupt change of temperature gradient at the low heater edge forBi �= 0. This shows, that rather fine peculiarities in botto
temperature distribution may happen to be of importance, and one cannot disregard the other possible reasons of disc
fine structure, some of which are discussed in Section 7.

The image (e1) in Fig. 15 is pictured for the comparison with image (e) in Fig. 14, because Fig. 15 is obtained usi
fine resolutionm = 50, n = 20 (per one period of structure in spanwise direction),p = 3, N ≈ 150000 (below is referred a
resolution II), instead of the set of parametersm = 25, n = 10, p = 2, N ≈ 30000 (resolution I) used in case correspond
to Fig. 14. The resolution I is the coarsest one used in 3D case, and it proved to be quite good if the free surface s
some preliminary evaluation of velocity field for the main mode are of interest. Image (e1) looks very similar to (e) in F
As for comparison of other quantities, the relative differences inHmax, Umax, Umin andq are 0.6%, 1.3%, 3.6% and 2.3%
respectively (see caption to Table 1 for an explanation). The typical run with the resolution I, starting from the undi
Nusselt solution and up to structure saturation takes less than half an hour on AMD Athlon XP2000 computer. But ever
twofold resolution increase, results, in three dimensions, in about sixteen times greater time of computations.

Fig. 16 shows the isolines of surface elevation, temperature and streamwise covariant component of velocity at th
Us = (u + fxw)/U0 for the steady flow atMa = 675. The velocityUs is very close to streamwise velocityu/U0, because
the longitudinal surface gradientfx and transverse velocity componentw are both of the order of 10−1. Fig. 17 demonstrate
streamwise velocity in two longitudinal sections, and Fig. 18 displays velocity distribution in several cross-sections
pictures reveal an interesting structure of the flow field. The spots of a strong reverse flow exist on the back side of
bump due to a thermocapillary forces (Figs. 16(c), 17(b), 18(a)). The presence of a reverse flow in a developed 3D stru
been recently evidenced experimentally [12]. The distance between the upstream edge of the heater and the stagn
was found there to be about 1 mm, which quantitatively agrees with Fig. 16(c). The reverse flow magnitude has not
evaluated in experiments. The calculated minimum value of streamwise surface velocityUs appeared to be−0.87 atMa = 675,
i.e., the magnitude of reverse flow is of the same order as that of inlet flow. This magnitude is two and a half times gre
that of reverse flow in 2D case shown in Fig. 8, thoughMa value in 2D flow was about 15% greater (see Table 1). The maxim
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rs.

Fig. 13. The Schlieren images [11] of film surface atRe = 0.5 for different heat fluxq values: a –q = 0.3 W · cm−2, b –q = 0.63 W · cm−2,
c –q = 1.12 W· cm−2, d –q = 1.21 W· cm−2, e –q = 1.5 W · cm−2, f – q = 2.11 W· cm−2. Reproduced with the permission of the autho

Fig. 14. The calculated pictures of film surface atRe = 0.5, Bi = 0 for different heat fluxq values: b –q = 0.63 W · cm−2, Ma = 273; c1 –
q = 1.07 W· cm−2, Ma = 463; c2 –q = 1.12 W· cm−2, Ma = 486; d –q = 1.20 W· cm−2, Ma = 536; e –q = 1.46 W· cm−2, Ma = 675;
f – q = 2.12 W· cm−2, Ma = 1022. Dash lines show the heater region.
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; e2 –Bi = 0.03, q = 1.61 W · cm−2; e3 –Bi = 0.1,
Fig. 15. The calculated pictures of film surface atRe = 0.5, Ma = 675, t = 510 for differentBi values: e1 –Bi = 0, q = 1.43 W · cm−2

q = 2.08 W · cm−2; e4 –Bi = 0.1, long heater (see text).
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Fig. 16. Contour plots: (a) surface elevationf , (b) surface temperatureT , (c) streamwise covariant component of velocity at the surf
Us = (u + fxw)/U0. The levels of the first isolines are given in pictures. The increments are:Cf = 0.25, CT = 0.15, CUs = 0.55 (for
Us > 0) andCUs = −0.15 (forUs < 0). In Figs. 16–19:Ma = 675, Bi = 0, X0 = 50.4, U0 = 0.755.

Us value is 2.64 and it is reached around the crest of a longitudinal roll Fig. 16(c). The film in a trough is very thin, it’s mi
thickness is 0.023, and the flow is nearly arrested there (Figs. 17, 18). Thus, the inlet stream splits up into longitudin
or rivulets which flow out between vortices of thermocapillary nature. The increase in the flow rate downstream in a
(Fig. 17(b)) is due to rivulets spreading.

The surface temperature field (Fig. 16(b)) shows that the liquid in a rivulet is colder than in a trough and this
spanwise thermocapillary forces. Fig. 19(b) shows the strong contradirectional surface currents across the initia
longitudinal roll crest, caused by surface temperature gradient (Fig. 19(a)). The maximum magnitude of spanwise
velocityVs = (v+fyw)/U0 is ±1.6. And near the bottom the divergent stream appears (Fig. 18(b),X = 66). The heat transfe
at the interface up to theBi = 0.1 affectsVs field near the roll crest insignificantly.

The flow demonstrated in Figs. 16–18 was calculated with the resolutionm = 100, n = 40, p = 3,N ≈ 600000
(resolution III). It is about the finest resolution achievable on a desktop computer, and for steady state flows only,
the fields, obtained with more coarse resolution, can be used as a good initial guess. And this resolution was used
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(a)

(b)

0 (trough), incrementCU = 0.2, (−0.2 for the reverse
Fig. 17. Contour plots of streamwise velocityU = u/U0 in two longitudinal sections: (a)Y = 25.35 (crest), incrementCU = 0.4; (b)Y =
flow).
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(a)

(b)

values shown below the figures). The absolute value of
Fig. 18. Contour plots of streamwise velocityU = u/U0 (a), and spanwise velocityV = v/U0 (b) in several cross-sections (at X
increments: (a) 0.35, (b) 0.2 (the sign is clear from pictures).
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(b)

anwise covariant component of velocity at the surface
150000; III –m = 100,n = 40, p = 3, N ≈ 600000.
(a)

Fig. 19. Contour plots at three different resolutions: (a) surface temperature gradient (absolute value)|∇Γ T |, increment 0.012; (b) sp
Vs = (v+fyw)/U0, increment 0.3 (absolute value). Resolution: I –m = 25, n = 10, p = 2, N ≈ 30000; II –m = 50, n = 20, p = 3, N ≈
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(and, hence, spanwise velocity) oscillations seen in Figs. 18, 19. The temperature isolines in Fig. 16(b) exhibit the sh
at the crest of a rivulet, and therefore, the surface temperature gradient has an abrupt, almost step-wise within the
numerical resolution, change at the crest-line. It is not the case with a surface elevation gradient, which is smooth
reason seems to be in a large enoughPr = 21.8 value, which causes temperature inhomogeneities to be much thinner
viscous boundary and inner layers. The fast change of surface temperature gradient, being not resolved well enoug
resolution III, causes the oscillations of|∇Γ T | andVs . Nevertheless, computations with different resolution demonstrate
and converging results for the spanwise surface velocity field. The maximum value of dimensional surface temperature
is 13.5 K · mm−1, which is of the same order as observed [8] for the flow over 6.5× 13 mm heater atRe = 2.

It should be mentioned here, that in spite of a stream being steady, the particles in calculations keep moving as we
particles do in a real flow. The surface particles have small but finite dimensions, and therefore, the strong contrad
surface currents cause cusps formation with time, if calculations are fully lagrangian. To avoid this, the method a
implement the following simple procedure. Since at each time step one has a continuous velocity and temperature
particle redistribution can be easily made. As far as this procedure introduces some additional error, and can lead, in
to a violation of mass (momentum, energy) conservation, a special attention have been paid to it’s application. Inve
in 2D and 3D cases showed that making a redistribution once overM steps, where 30� M � 200, allows to suppress cusp
formation and does not lead to sensible interpolation errors. For example, in the 3D test problem, discussed in Sect
total fluid mass variation was less than 0.03%. Also, calculation of a steady state 3D flow with resolution I atMa = 600 from
t = 600 (the time of complete structure saturation) up tot = 900 (about 4000 steps, 130 redistributions) resulted in less
0.1% relative variation of total fluid mass, streamwise momentum and kinetic energy.

As it was discussed above, the only period of structure is realized if computational domain widthLy is within some limits
L1, L2. For the large enoughMa values, the interesting nonstationary transitional regimes are observed, when the d
width Ly is close toL2. In Fig. 20 the snapshots of a film surface are presented, showing the oblique rivulets traveling a
computational domain. A quasistationary behaviour of the flow was mentioned to happen in experiment [11].

Finally, Fig. 21 depicts the mean heat transfer coefficient (Nusselt numberNu = qH/kTm) versus Marangoni number fo
steady 2D, 3D and Nusselt flows. It shows, that the heat transfer from heater to fluid is noticeably inhibited due to a bu
especially 3D structure, formation. A substantial decrease of heat transfer intensity, when strong deformations of the
arose, was experimentally observed and described in [9,12]. Fig. 21 shows also, that solving a linear problem on hea
with the fixed Nusselt velocity field, as well as fully nonlinear but 2D problem, may result in quite substantial error in he
estimate at supercriticalMa values.

7. Conclusion and discussion

The present study has been aimed to simulate numerically the experimentally observed effect of 3D periodic
formation in a falling film with local heating. The method of particles for incompressible fluid has been adapted in
to take into account viscous and surface tension forces. The particular case of a film flow at fixedRe = 0.5 over certain
heater has been considered. The unknown temperature distribution on the heater has been reproduced through the
between calculated and measured free surface profiles at small heat flux values. The results described above show
and quantitative agreement with observations [11] in several respects. The 3D instability takes place for the heat flu
then some threshold, and this value is well predicted by the numerical model. The predicted characteristic width of a
quantitatively agrees with the observed one, within the limits of observation accuracy. It is shown, that even large eno
transfer at the interface slightly affects the structure width, that qualitatively agrees with observation experience. The m
features, like an increase in width of structure and a shift of the latter upstream with more intensive heating, are also
in calculations. The existence of some nonstationary regimes observed in experiment has been demonstrated, as we

The calculations give an idea of interior flow structure, and some quantitative evaluations of local film thickness and
field, which seem to be difficult to measure. The nonzero heat transfer at the interface is shown to cause the additi
appearance between the main ones. The simulation revealed a strong contradirectional thermocapillary currents
longitudinal roll crest, caused by spanwise temperature gradients. These spanwise thermocapillary forces seem
leading role in a periodic structure formation. Indeed, if a periodic external disturbance curves slightly a leading 2
in XY plane, then the spanwise surface temperature gradient immediately appears (at least, for the large enoug
numbers), and thermocapillary forces tend to flatten the negative (upstream) part of a disturbance and to steepen th
(downstream) one. This type of bump crest deformation one can see in the figures given above. As a result, the spanw
deformations become more acute, that amplifies spanwise surface temperature gradient. This simple consideratio
possible mechanism of positive feedback necessary for any instability. It is important to mention also, that positive str
temperature gradient in a falling film should evidently provoke thermocapillary instability in the same way, as a heat
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at the interface does (see, e.g., [4]). This may be the reason why Biot number in this particular problem with rather la
temperature gradient is not as important parameter, as it is in many other problems on thermocapillary instability.

Many interesting issues related to the problem are left open. First of all, the influence of Reynolds (or Galileo) an
numbers, which have been fixed throughout this study. The main problem here is the proper choice of bottom tem
distribution, which evidently must depend on these parameters if the investigation of phenomena observed in reality is
As discussed above, the most consistent approach would be, of course, to solve a fully coupled problem. How
experience of present calculations gives a feeling that the heat transfer in substrate should be also taken into account.
mind some comparisons with certain experiment, this would require the knowledge of peculiar details of the experime
up, like specific heat and thermal conductivity of a substrate material, including that of, for example, epoxy resin and
mixture, which was used in study [11] to mount the heater and to cover the surface of textolite plate. Therefore, we pla
detailed future study in cooperation with the authors of experimental results cited above.

Further, the alcohol water solution is a mixture rather than a homogeneous liquid. Therefore, evaporation and
Marangoni effects, caused by gradients of surface concentration, can contribute to some discussed above discrepa
that between downstream branches of 2D bump profiles, or in mentioned above fine structure (small rivulets) at noBi
values. All this needs further investigation both experimentally and theoretically.

Finally, the study of instability mechanism and bifurcation nature is of great interest and importance. All the more,
interesting results on fingering instability of capillary ridge around a moving contact line, and on ridge stability for th
over a step-down, have been recently obtained [34–36]. The capillary ridge around an obstacle seems to be a ph
quite close to the 2D bump around a “thermal obstacle”. Still, the ridge appeared to be linearly stable, at least for
over step-down [36]. The main distinction between these two phenomena seems to be in destabilizing spanwise therm
forces discussed above, but the accurate study and comparison is surely needed, including may be that for the ridg
the obstacles of other types. In [6], the study by Skotheim, Thiele and Scheid (to be published in J. Fluid Mech.) h
mentioned already, where the linear stability of 2D bump was investigated.
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Let there be surfaceΓb: z = S(x, y), where S is a smooth function, andu = (u, v,w) is an arbitrary smooth divergence fre
field, vanishing onΓb . We are looking for the vector potentialΘ = (A,B,C), such that forz > S(x, y)

Cy −Bz = u,

Az −Cx = v, (A.1)

Bx −Ay = w.

Let C ≡ 0,A andB both vanish onΓb . Then, it follows from the two first equations (A.1)

B = −
z∫

S

udz, A =
z∫

S

v dz. (A.2)

Substituting functions (A.2) into the third equation (A.1) gives

Bx −Ay −w = −
z∫

S

ux dz + uSx |S −
z∫

S

vy dz + vSy |S −
z∫

S

wz dz −w|S = −
z∫

S

(ux + vy +wz)dz ≡ 0

due to the continuity equation and boundary conditions. Thus, we have found vector potentialΘ with just two nonzero
components, both vanishing onΓb together with their derivatives with respect toz.
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